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Abstract 



We compute the component field 4-dimensional = 1 supergravity Lagrangian that 
is obtained from a superfield Lagrangian in the U{1)k formahsm with a hnear dilaton 
multiplet. All fermionic terms are presented. In a variety of important ways, our re- 
sults generalize those that have been reported previously, and are fiexible enough to 
accomodate many situations of phenomenological interest in string-inspired effective 
supergravity, especially models based on orbifold compactifications of the weakly- 
coupled heterotic string. We provide for an effective theory of hidden gaugino and 
matter condensation. We include supersymmetric Green-Schwarz counterterms as- 
sociated with the cancellation of U{1) and modular duality anomalies; the modular 
duality counterterm is of a rather general form. Our assumed form for the dilaton 
Kahler potential is quite general and can accomodate Kahler stabilization methods. 
We note possible applications of our results. We also discuss the usefulness of the 
linear dilaton formulation as a complement to the chiral dilaton approach. 
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1 Introduction 



The topic of ^-dimensional N = 1 supergravity coupled to supersymmetric mat- 
ter and super- Yang-Mills fields is an old and well-understood part of supersymmetric 
field theory. A variety of superspace methods were developed many years ago, all of 
them designed to write locally supersymmetric Lagrangians in a compact form while 
at the same time leading most easily to component field expressions. Nevertheless, 
this component expansion can be tedious and it proves useful to have the results 
tabulated; e.g., so that model-building can proceed, with a minimum of effort, from 
superfield assumptions to component field consequences. 

For the case of chiral multiplets coupled to supergravity and the vector super- 
multiplets of a super- Yang- Mills theory, component expansions have been tabulated 
under a very broad set assumptions (originally by Cremmer et al. nicely reviewed 
by Wess and Bagger 0). For less conventional arrangements and assortments of 

= 1 multiplets, however, the coverage is a bit patchy. The example with which 
we are interested involves a linear multiplet Although supergravity coupled to 
a linear multiplet |1] has been studied in a large number of works (enumerated and 
discussed below), some details remain to be given. This is particularly true when 
very general assumptions for the form of the superfield Lagrangian are envisioned. 

In the present work we consider a class of supergravity theories — containing a 
linear multiplet — for which only specialized or somewhat incomplete results are avail- 
able; it is our intention to generalize previous work and to fill in some details that 
are missing in the literature. 

While completeness is a reasonable motivation for the determination of the full 
component Lagrangian, Planck mass suppressed fermion interactions may have phe- 
nomenological applications. For example, processes forbidden in the Standard Model 
and globally supersymmetric extensions might be mediated by gravitationally sup- 
pressed interactions. This is particularly true in the case where large vacuum expec- 
tation values {vem) occur due to the presence of an anomalous U{1). 

Below, we will argue that a theory of supergravity that contains a linear multiplet 
is well-motivated from the perspective of string-inspired effective supergravity. Our 
discussion is a synopsis of opinions offered previously by other authors. Whereas the 
chiral dilaton formulation is more common, on the basis of the points raised in our 
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discussion it is our opinion that the linear dilaton framework should be regarded as 
a useful complement. 

We are interested in generalizations of the effective theory of Binetruy, Gaillard 
and Wu (BGW) [SI El E! , as well as in the computation of those fermionic terms in the 
Lagrangian that were neglected by these authors (justifiably, as the issues in which 
they were interested did not require knowledge of these terms). The BGW effec- 
tive theory is inspired by orbifold compactifications of the weakly-coupled heterotic 
string.^ The low-energy limit of the heterotic string compactified on an orbifold is 
an effective supergravity theory. The BGW effective theory is designed to implement 
dynamical supersymmetry breaking through the strong dynamics of a super- Yang- 
Mills theory in a hidden sector. Whereas the perturbative scalar potential of the 
effective supergravity has flat directions — corresponding to an infinite vacuum degen- 
eracy parameterized by massless scalars [moduli) — the effective theory of dynamical 
supersymmetry breaking lifts these fiat directions and hence gives rise to moduli sta- 
bilization. 

In Section |21 we outline the field content that is present in the theories studied 
here. We describe the interpretations that are to be given to these fields in the context 
of string-inspired effective supergravity. We briefly review the duality that relates the 
chiral dilaton and linear dilaton formulations. We discuss the reasons why one might 
choose to work in the latter formulation in addition to the former. We comment on 
some instances in which the two formulations have confronted each other and seem to 
be at odds. A brief summary of previous works on the subject of supergravity with 
a linear dilaton is given. We relate these to our work and describe how our results 
supplement those that already exist. Finally, we define the superfield Lagrangian for 
which we have computed the component expansion. 

Section El discusses some aspects of our results. We emphasize features of the 
component Lagrangian that we find interesting. We guide the reader to our main 
results — lengthy formulae — which are contained in appendices. Our conclusions are 
stated in Section El 

^More specifically, BGW were concerned with the Eg x Eg heterotic string. However their effective 
supergravity description would work just as well for spin{S2)/Z2 constructions. The only issue there 
is to hide the hidden sector. Of course this is already a problem in the Eg x Eg case due to the 
presence of twisted sectors, which couple subgroups of the two -Es's; for example, see the discussion 
in IHlini 
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In Appendix ^ we summarize our notations, conventions and abbreviations. In 
Appendix^ we outline the method of projection to component fields that is used in 
the U{1)k superspace formalism (see below). In AppendixlOwe discuss the geometric 
identities of U{1)k superspace that are particularly useful in the computation of the 
component Lagrangian. In Appendices IdIIfI we present the lengthy formulae that 
comprise our principle results. 

2 The effective theory 

In this section we introduce the reader to the class of theories that we intend to 
study. We relate our approach to the more familiar formulation with a chiral dilaton. 
We also discuss the motivations for working with a linear dilaton. Indeed, we believe 
that there exist instances where one might prefer to use a linear dilaton; these reasons 
are of a purely practical nature, as the two formalisms are equivalent provided they 
are properly related. (Specifically, the equations of motions should form equivalent 
systems and constraint equations in one formalism must find an equivalent expression 
in the other.) 

2.1 Content and framework 

Our intent in this subsection is only to present enough of a summary that the reader 
not familiar with these topics can understand the motivations and key concepts in- 
volved in the present work. For further details the reader is in invited to refer to the 
articles that we cite below; in particular the reviews are valuable for further 

study of formal issues of linear multiplets in the U{1)k formalism and Refs. [T^ IT!^ 
provide nice reviews of the related superstring phenomenology. 

The theory we consider is a variety of four-dimensional = 1 supergravity. It 
contains the graviton, Yang-Mills gauge fields, matter fields and moduli fields, includ- 
ing a dilaton. Each of the matter and moduli fields (excepting the dilaton) may or 
may not be charged with respect to the Yang-Mills gauge group. All of the fields in 
the theory are introduced along with superpartners through A^ = 1 supermultiplets, 
by starting with the Kdhler f/(l) superspace formalism (denoted U{1)k) ITH | ITH]. 
The U{1)k approach has been reviewed in ^l], hereafter referred to as BGG. The 
minimal supergravity multiplet {e^,iprr!^,'4'ma, M, M,ba) is introduced through the 
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superdeterminant E of the supervielbein Ej^j^ and geometric relations in U{1)k su- 
perspace. Gauge multiplets {a{a)m, \a)a,^(a)^'^ia)) introduced through vector 
superfields fixed to Wess-Zumino gauge, where (a) labels a basis of orthogonal gen- 
erators of the gauge group. Except in a counterterm associated with an anomalous 
f/(l) factor, only corresponding chiral field strengths ^V^a) ^^^^ appear explicitly in 
the superfield Lagrangian, due to the appearance of the Yang-Mills connection in the 
covariant derivatives of U{1)k superspace. Matter multiplets and all of the moduh 
multiplets except the dilaton are introduced through chiral superfields which have 
field content {(j)^,XajF^). The dilaton is introduced through a (modified) linear su- 
perfield L; its field content will be discussed below. We account for the leading effects 
of a strongly coupled hidden sector with condensing gauge group Gc through static 
(auxiliary) chiral superfields U(^a) and 11". Here, U(^a) is in correspondence with the 
operator (WW) (a) in the unconfined theory; i.e., its lowest component (the 9 = 9 = 
part, denoted by |(o,o) ) ""(a) = ^(a)|(o,o) corresponds to the gaugino bilinear operator 
(AA)(a) which acquires a nonvanishing vev (vev), triggering gaugino condensation |18j . 
The lowest component of 11° corresponds to a scalar operator of hidden sector matter 
fields which may also take a nonvanishing vev and play a role in the effective theory 
of supersymmetry breaking through the dynamics of the hidden sector. 

2.2 Linear versus chiral dilaton 

In the context of string-inspired supergravity, the 4-dimensional dilaton is a composite 
of 10- dimensional fields dimensionally reduced to an effective four-dimensional theory. 
In Witten's classic reduction J7j, one has a real scalar a, which arises from the 10- 
dimensional graviton, the 10- dimensional dilaton 0, and a 2-form field strength fmnp- 
The 4-dimensional dilaton is given by 

^T^ = e3>-3^ (2.1) 
9s{'^, 0) 

It is the vev of this quantity that determines the strength of gauge couplings. The 
effective supergravity Lagrangian naturally pairs this 4-dimensional dilaton with a 
pseudoscalar D that is the universal axion; however, a duality transformation must 
be made to trade fmnp for D: 

^ fmnp = ^mnpqd^ D . (2.2) 
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Then the natural pairing is 

s = 63^^0-3/4 + 3iV2D, (2.3) 

since for a Kahler potential with leading order s dependence K 3 — ln(s + s) the 
standard chiral supergravity formulation yields the correct terms in the effective La- 
grangian. When we promote s — > S", a chiral superfield, we have the chiral dilaton 
formulation. Due to the = 1 supersymmety, the complex field s has a super- 
partner which is the dilatino. The chiral multiplet formulation is used for reasons of 
familiarity and simplicity. 

Instead of making the duality transformation ()2.2p . we can work with an = 1 
multiplet that already contains a 2-form field strength — the linear multiplet |Sl IH 
IT?H 1^ . Whereas in the leading-order effective Lagrangian it is straightforward to 
impose ()2.2|) and replace fmnp by -D, in a more general setting one finds that the 
corresponding duality transformations are difficult to perform explicitly I22[ 1^. 
If the beyond-leading-order Lagrangian is obtained from string theory, so that it 
already contains the 2-form field strength fmnp-, it may be more practical to work 
with the linear multiplet and thus avoid intricacies that may be associated with the 
duality transformation. 

A second issue arises when an effective theory of gaugino condensation is included 
as a mechanism for dynamical supersymmetry breaking. The chiral field strength 
superfields of the Yang-Mills group satisfy 

_ 24i?) tr {WW) - {V^ - 24i?) tr (WW) = t.d., (2.4) 

where "t.d." stands for a total derivative. To treat the condensate superfield U ~ 
tr (WW) as an ordinary chiral superfield (of U{1)k weight 2) fails to implement this 
constraint [211 ESI 12^1 • In the linear dilaton formulation the chiral field strength 
emerges from the modified linearity conditions: 

{V^ -8R)L = -ti (WW), {V^ -8 R)L = -ti (WW). (2.5) 

When U = Y.{a)eGc (where Gc is the condensing part of the gauge group) is 
introduced in ()2.5|) through 

tr (WW) tr (WW) + U, (2.6) 
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then ()2.4p is automatically satisfied for the 's [F . Although this constraint can be 
imposed in the chiral dilaton multiplet formulation, it is more difficult. In this regard 
the linear multiplet has a practical advantage. 

Of course one may ask: (i) what evidence exists that would suggest ()2.4j) should 
be satisfied when tr (WW) is replaced by the interpolating field U; (ii) whether im- 
posing this constraint has any important effects on the effective theory of dynamical 
supersymmetry breaking. These are certainly fair questions and we know of no clear 
answer to (i), except that it seems like the most reasonable assumption. We do have 
something to say about (ii). 

In the present formalism the condensate superfields are introduced as static 
chiral superfields. Their highest components Fu^^^ (defined in ()A.5jl ) thus appear 
only linearly in the component Lagrangian. However a subtlety arises in deriving the 
corresponding equations of motion: an important constraint exists on the -^{/(^) if we 
extend ()2.4j) to the condensates. That is, suppose we impose 

{V^ - 24R) (tr (WW) + U) - {V^ - 2AR) (tr (WW) + U)= t.d. (2.7) 

Then it was noted in |3] that we have for the highest components Fu^^^ the constraints: 

- \ {V%a) - V'u^a)) = Fu,^, - Fjj^^^ = 4^V^5[^) + n(,)M - u^^^M. (2.8) 

Here VmBJ^j is identified with the total derivative term in ()2.7p . while U(^a)M — U(^a)M 
arises from the 2ARU — 2ARU part. When one varies the action with respect to the 
auxiliary fields Fu^^^ , it is crucial to respect ()2.8j) by first rewriting Fuf^^-^ as 

Fu,^, = I {Fu,^, + FjfJ + 2^V™5[:) + ^ {u^a)M - u^a)M) (2.9) 

and the conjugate of this for F-g^ ^ (For example, this has been done in Eq. (2.21) 
of [H].) One then varies with respect to the unconstrained combination Fjj^^^^ + F-g^ ^ 
The crucial thing to notice is the last term on the right-hand side of (12. 9|) . Gener- 
ically it has a nonvanishing vev when the scalar potential is minimized.^ It is a 
supersymmetry breaking vev which couples to operators that appear with a coeffi- 
cient -Fbj^j in the Lagrangian. In particular it can contribute to soft terms in the low 

^Clearly the phases of the condensates and the auxihary scalar M are intimately involved 
in whether or not this term vanishes in the vacuum. Thus a more detailed study of the axionic 
background is necessary to understand its relevance. For example, see [O]. 
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energy effective Lagrangian. Note also that U(^a)M — U(^a)M is anti-Hermitian whereas 
Fu^^^ + Fjj^ ^ is Hermitian. Thus these operators couple to different parts of the op- 
erators that are coefficients of Fu^^^ in the Lagrangian prior to the substitution ()2.9|) . 

On the other hand if we had treated U^a) as an ordinary chiral superfield of U{1)k 
weight 2, we would have 

V%,)-V'u^a) = t.d., (2.10) 



and therefore 

Fu,.,-Fu,^^=t.d. (2.11) 

The supersymmetry breaking vev disappears on the right-hand side in this approach, 
leading to a different phenomenology. Incidentally, this also occurs in the approach 
taken in |2Zj, where it was assumed that the highest component of the Chern-Simons 
superfield fl(^a) (see below) vanishes. But this is nothing other than Fu^^^, which as 
we have seen does not have a vanishing vev in the BGW approach if supersymmetry 
is broken. In fact, if we look at the perturbative form of Q(^a) as given in [22], there 
is no apparent reason why its highest component would not get a vev, since it is a 
scalar operator that solely contains strongly interacting fields. 

One might think that it would be useful to relate the effective Lagrangian to that 
of the chiral dilaton formulation and compare in the global limit where the effective 
theory is known However, the last term on the right-hand side of fl2.9|) is implic- 
itly suppressed by powers of 1/mp, the inverse reduced Planck mass, and is obviously 
a supergravity effect. (After all, it involves the auxiliary scalar M of supergravity.) 
Hence it would not appear the theories of global supersymmetry. Nevertheless it is 
important in the present context because the soft term phenomenology will generally 
be affected by its presence. 

In conventional supergravity coupled to super- Yang-Mills and a chiral dilaton, 
the chiral field strength superfields W(") are introduced through an F- density, which 
necessitates a holomorphic metric (5, $); i.e., on has 

Cym = J d'e ^fiamis, $)(w('^)w(^)) + h.c. (2.12) 

However, it is well-known that this is not the unique local superfield Lagrangian 
through which the Yang-Mills field strength can be introduced; the possibility of a 
nonholomorphic metric is allowed if instead we introduce the chiral field strength 
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superfields using a D-density Lagrangian pp. Generically, the linear multiplet ap- 
proach leads to a super- Yang-Mills Lagrangian that is equivalent to a combination 
of the holomorphic F-density and nonholomorphic D-density. On the other hand it 
has been shown that the one-loop effective Lagrangian derived from heterotic orbifold 
models j2Hl is such that one can always write the super- Yang-Mills Lagrangian as a 
pure F-density j^Tj- In the linear dilaton formulation matched to the string theo- 
retic calculations, one of course obtains a super- Yang-Mills Lagrangian that is just an 
F-density in the chiral dilaton formulation.'^ But, it would be interesting to formu- 
late the corresponding conditions explicitly in the general context. The component 
expansion provided here may be of some aid in such an enterprise. 

The advantages of the linear multiplet listed above suggest that in detailed model 
building — which intends to go beyond leading order, implement gaugino condensation, 
and nonperturbative corrections to the dilaton Kahler potential — the linear dilaton 
is a practical tool. At the very least, it is worthwhile to have parallel studies in a 
different formulation which is supposed to be equivalent to the chiral dilaton. These 
are among the reasons for which BGW chose to work in this setting. It then becomes 
useful to have component field expansions that are general enough to handle the cases 
envisioned in semi-realistic applications. This is the motivation for the computation 
reported here. 

To properly relate the linear dilaton to the chiral dilaton, the duality transforma- 
tion should respect supersymmetry. One approach is to perform the duality trans- 
formation at the superfield level |3] . For global supersymmetry, this duality has been 
reviewed in Sections 2 of and ^U]. For the locally supersymmetric (supergravity) 
case in the U{1)k formalism, a review of chiral-linear duality has been given (briefly) 
in EGG Section 5.5. The duality in the superconformal approach has been discussed 



Here L is treated as a real superfield which is otherwise unconstrained; that is, C 

is supposed to represent a first- order formulation of the target theory. is a chiral 

■^The component expansions given below are general enough to accomodate either situation; 
to obtain only an F-density requires that arbitrary functionals that appear here satisfy certain 
conditions. 



in [211 El- 

For illustrative purposes, consider the Lagrangian 




(2.13) 
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superfield. is real and is the Chern-Simons superfield [29] (see also jzl] or Appendix 
F.3 of BGG). It satisfies the constraints 



r2 



{V -8R)n = ti(WW), -8R)n = ti{WW). (2.14) 



The superfield equations of motion obtained from ()2.1Hj) yield the duality 

L 1 



(2.15) 



1 + /(L) S + S 

together with the modified linearity conditions (j2.5j) . We denote the 6 = 6 = 
(lowest) components as 

-^^1(0,0) = ^, 5'|(o,o) = s, S'|(o,o) = s. (2.16) 

Above we mentioned that in the chiral formulation the string coupling Qs is determined 
by the real part of s; the duality relation (|2.15p gives a corresponding meaning to i: 

Further details on the duality relations — for the case of local supersymmetry in the 
U{1)k formalism, including the other component fields — may be found in p3| I2()j. 

A comparison of phenomenological implications of either formulation is given 
in [H]. In this work it was found that the Kahler moduli of the underlying theory 
are not stabilized at their self-dual points in the chiral dilaton approach, whereas 
the stabilization does occur at the self-dual points in the linear dilaton approach. It 
was argued that the disparate results originate from an explicit S dependence in the 
effective superpotential of the chiral dilaton formulation. 

However, if one starts with a linear dilaton and performs a duality transformation 
analogous to ()2.13|1 . it must be that one obtains a chiral dilaton formulation which is 
equivalent on-shell. That is, the first-order formalism ensures that the equations of 
motion for the linear dilaton supergravity are equivalent to the equations of motion 
for the chiral dilaton supergravity, and that the equivalence is established through 
the superfield redefinition that is obtained through the duality transformation — the 
generalization of ()2.15|) . The stabilization of moduli is studied through minimization 
of the scalar potential. But this is nothing but a study of solutions to the equations 
of motion in the infrared limit, neglecting all fields with nonzero spin. Since the 
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equations are equivalent in the two approaches, they must yield equivalent solutions. 
Thus it is our opinion that some subtlety must have been overlooked in performing 
the duality tranformation for the theory studied in In that case the target theory 
was more complicated than the illustrative example ()2.1H|1 . We intend to return to 
this issue in a future publication. A full component lagrangian may shed some light 
on this issue, since it allows us to study the duality transformations at the component 
field level. 

2.3 Antecedants 

The effective supergravity discussed here is an extension of the BGW effective theory 
[3 El EI, which does not include an anomalous U{1) factor (hereafter denoted U{l)x) 
in the gauge group. A U{l)x is a generic feature of semi-realistic string constructions; 
for example, in jH] it was found that 168 of 175 models had a U{l)x- The associated 
anomaly is cancelled by a Green-Schwarz (GS) counterterm IHDIEII, as will be dis- 
cussed below. The hnear multiplet formulation provides an elegant description of the 
effective supergravity that results, as has been discussed in [221 ■ Indeed Refs. ^32, 33] 
as well as work in progress Pl] aim to address the modifications to the BGW effective 
theory in the presence of an anomalous U{1). However, in none of these references 
is the full fermionic Lagrangian presented; only the gravitino and gaugino effective 
masses have been computed [HI El . Moreover, we allow for unconfined matter to cou- 
ple to the (auxiliary) hidden matter condensate superfields n"". This is important 
for the stabilization of flat direcions in the presence of an anomalous U{1) factor, 
so-called D -moduli |35] . 

Fermion terms of component Lagrangians in the linear dilaton formulation have 
previously been computed by authors other than BGW to varying degrees. 

In |16], Adamietz et al. obtained all the fermionic terms. However, no superpoten- 
tial was included in the Lagrangian, a GS counterterm for a U{l)x was not included, 
and an effective theory of gaugino condensation was not explicitly added. Adamietz et 
al. also made the simplifying assumption that the Kahler potential for the linear mul- 
tiplet is k{L) = alnL, which is equivalent to the assumption K{S, S) oc — \n{S + S) 
in the chiral dilaton approach. Stabilization of the dilaton sometimes requires a more 
general function, such as will be studied here. 
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In [221, Derendinger et al. only gave some of the fermion terms; in particular 
gaugino bilinears. Their treatment of gaugino condensation differs from that of BGW 
in some important ways, as will be discussed below; these differences affect predictions 
for soft supersymmetry breaking operators in the low energy effective theory. Also, a 
GS counterterm for a U{l)x was not included in the effective theory. Derendinger et 
al. use the superconformal tensor calculus to obtain the component Lagrangian, 
whereas we use U{1)k superspace. We believe that it is useful to have results in both 
formalisms. 

Various other limiting assumptions were made in these previous works which have 
not been made here. Thus our calculation can accomodate a more general set of 
circumstances and exhibits possible couplings that were not accounted for in previous 
works. 

2.4 The Lagrangian 

In this article a very general Kahler potential is assumed; it is the same as for BGW jSj 
013: 

= fc(L) + G'($,$), k{L) =\nL + g{L). (2.18) 

Here g{L) is left arbitrary in our calculations, though we have in mind the sort of 
nonperturbative corrections that are expected based on general arguments [SZI and 
string duality jHHj- Indeed these sorts of corrections have been used by BGW and 
others to stabihze the dilaton at weak couphng (i.e., ^ 1 in ()2.17|) ) in a scheme 
that has come to be known as Kdhler stabilization 13 E3 HOI HH 112] • 
The Lagrangian consists of several pieces:^ 

= -^kin + -Cpot + -^VY + -^thr + -^QS + -^GS- (2-19) 

The first piece contains the usual kinetic terms for all the fields, and is written in the 
U{1)k superspace formalism as follows: 

C^r. = j d^eE[-2 + f{L)]. (2.20) 

The function f{L) is chosen such that a canonical Einstein term —^TZ (where TZ is the 
Ricci scalar) is obtained in the component expansion. With reference to the Kahler 

^See jnj for further discussion of the significance of each term. 



11 



potential ()2.18|) . the condition for this to be true is that 

Lg'{L) = f{L)-Lf'{L), (2.21) 

where g'{L) = dg{L)/dL, etc. An elementary discussion of how this condition occurs 
can be found in Section 5.4 of BGG, where their function F is related to the / used 
here according to F = (2 — /)/3. 

The usual superpotential term is included: 

E 



^pot - / d'e _e^/2w^($, n) + h.c. (2.22) 

We remind the reader that the chiral superfields 11" are static fields corresponding to 
matter condensates of the hidden sector. Thus they do not appear in ()2.18p . but it 
is important to include them in (|2.22j) . 

In addition to this hare superpotential, we have the Veneziano-Yankielowicz effec- 
tive superpotential with suitable modifications suggested by Taylor 

E 



^VY = Jd'e—Y: f/(a) In 



(")eGc 

+ E&(a)inK)('^)n' 



+ h.c. 



(2.23) 



The gaugino condensate superfields U(a) appear explicitly here. When they are in- 
tegrated out we obtain the usual nonperturbative superpotential [27] induced by in- 
stanton effects,^ only coupled to supergravity in the present context; to match to the 
globally supersymmetric results one should take the decoupling limit mp — oo. The 
coefficients and 6"^^ are constrained by a matching to the weak couphng quantum 
anomalies. A further discussion can be found, for example, in [H]. 

Massive string states can yield threshold corrections to the effective theory below 
the string scale. The well-known corrections associated with N = 2 sectors in orbifold 
compactifications of the heterotic string are given by |^ HH] : 

E 



thr 



E 



8R 



E &(a)(WW)(.) 



+ E Ha)Uia) 
(a)eGc 



In77-2(T^) +h.c. 



(2.24) 



''Indeed, one can argue that J7(a) have masses of order the condensation scale and should be 
integrated out to obtain the effective theory below that scale. We thank Erich Poppitz for a remark 
in this regard. 
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where the coefficients 



are determined by exphcit string calculations. 



Quantum anomalies that arise from the terms so far described are cancelled by 
Green-Schwarz (GS) counterterms. The first involves a real function S — not to be 
confused with the chiral dilaton of the discussion above — which we will refer to as 
the GS potential. We restrict 5 to be a function of chiral superfields: S = S'($, $). 
Its purpose is to cancel target-space duality anomalies. Its superfield expression is: 



The precise form of S can only be obtained from a detailed understanding of the full 
anomaly structure of the effective supergravity and how it is canceled in the under- 
lying string theory. The modular anomaly associated with SL{2, Z)^ tranformations 
on Kdhler moduli associated with the complex planes in orbifold compactifications of 
the heterotic string is well-known. It is partially canceled by, for example, a choice 
of S* oc G, where G is identified in fl2.18|l . However, a richer anomaly structure is 
anticipated on the basis of 1-loop supergravity calculations jlEl HZj , and so we leave 
S arbitrary in our component expansion. We note that since the GS counterterm 
potential S is left in a rather general form, our component field expansions do not 
assume modular invariance; that is, we can accomodate models where violations of 
modular invariance are envisioned, due to nonperturbative effects in the underlying 
string theory. On the other hand, exact modular invariance can also be imposed with 
an appropriate choice for S. 

The second GS counterterm is associated with the anomalous U{l)x, with a cor- 
responding vector superfield Vx- It is given by: 



This addition to the BGW effective theory has been the subject of recent work 
01] • There it was shown how to fix to unitary gauge and integrate out the modes 

that acquire large masses when the Fayet-Iliopoulos (FI) term that arises from ()2.2(ij] 

spontaneously breaks U{l)x at a high scale. 

We have omitted the perturbative one-loop effective quantum correction to the La- 

grangian. Related expresssions have been studied by various groups: by Derendinger 

et al. using superconformal methods j2I]; by Bagger et al. using a component field 




(2.25) 




(2.26) 
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approach |1H]; by Gaillard et al. in U{1)k superspace jinj- However, all of these cal- 
culations involve various simplifying assumptions on the form of the bare Lagrangian 
compared to what is given here. Furthermore, in the calculation of there exist 
some uncertainties in the precise form of the chiral projection operator employed 
there. In principle the one-loop effective quantum correction to the Lagrangian can 
be derived from £kin + -Cpot by a one-loop computation using, say, Pauli-Villars reg- 
ularization [IB]- In fact, much of this calculation has been performed in (JB] for the 
class of Lagrangians studied here. One possible motivation for the present work is 
to fill in the fermionic details of the component Lagrangian needed to complete the 
one-loop computation. 



3 Aspects of the component Lagrangian 

Our results for £pot + Cyy + £thr + -^gs given in Appendix |D| For this part 
of C the component field expansion is straightforward, except for a certain subtlety 
that arises in Cq^. This has to do with the evaluation of spinorial derivatives acting 
on the U{l)x vector superfield Vx- Here it is important to properly account for the 
conventions of BGG for the solution of superspace Bianchi identities; details are given 
in Appendix 1X1 

The superpotential Lagrangian (jP.ljl contains the usual terms that are present in 
chiral supergravity; of course a mixing with the dilaton occurs due to the i dependence 
in the e^^"^ prefactor for these terms. ^ In addition we have pieces explicitly associated 
with the linear supermultiplet: 

-4ot = e^/'\~Wik" + k"){^^)-^iW, + WG,)k'i^X 




g~pot [4^ ^^^^^ V2 

l + h.c. (3.1) 



itr(AA) + iM£ + ^(^™a^^) 



The bosonic terms were previously studied in the works of BGW. Note that the 

(effective) dilatino and gaugino masses receive contributions from the bilinears (p(p 

and AA that appear in 1)3.11) . The bilinear cpx'^ which mixes the dilatino with matter 

^We remind the reader of the dilaton {£) dependent contribution k{£) to the Kahler potential 
(|2.18(l : also note that k' = dk/d£, etc. below. 
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fermions is a feature that deserves further study/ In particular, the presence of 
large vevs generally leads to important effects that would arise from the yjx'^ bilinear. 
For example, it is common in semi-realistic string models for exotic states to be 
removed at a high scale through large effective masses generated by Fl-induced vevs: 



rriij ~ 



^(e^/'H^,,)<O(0.1)mp, 



(3.2) 



where mp is the reduced Planck mass. This implies effective couplings in ()3.1|) of the 
form 

- v^^A;'(£)0X^X^). (3.3) 
mp 

The implications of such couplings for the cosmology associated with the dilaton, 
dilatino and heavy matter states presents an interesting topic for further study. 

A feature that is special to the fermionic terms appears from the effective theory 
of gaugino condensation. This is related to the auxiliary fermions A"^-, contained in 
the gaugino condensate superfields see flA.5|) . When these fields are ehminated 
by their equations of motion, we obtain their contribution to the Lagrangian: 



e 



E 



(a) 



(AA)(„) +h.c. 



E ^{(/^'^^)^(w) + /f/f(xV) 

+ (/^'^^)'(V^n^cr"a>n) + 2/('^)/i")(^x') 



/ 



(a) 



4v^ 



1 - 



h! - 2A;" 



ti A, 

/(«) 



{k' + 3k" 
V k'i-3 



k' 



8V2 



U(^a)/f^')+2h^''^+f' + k' + S 



The (holomorphic) function h^"'\(f),7r) is defined in (IB.6|) . and 



Y H 



(3.4) 

(3.5) 

(3.6) 
(3.7) 

(3.8) 



^The coupling of the dilatino to the gravitino can be eliminated with the "gauge" choice 

(V^^ffm)" = 0. 
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Here -\/2x°^ = ^^n"|(o,o) is a further auxiliary spinor, contained in the matter con- 
densate superfield, which can hkewise be ehminated using its equations of motion. 

As can be seen from ()3.4p . we obtain a soft mass for the dilatino; it is roughly the 
order of the supersymmetry breaking scale U(^a)/^'p ~ 1 TeV. Furthermore, matter 
fermions get a soft mass contribution, which includes mixing with the dilatino, sup- 
pressed by {flf'^)/mp. These must be singlets under the Standard Model gange group 
SU{3)c X SU{2)l X U{1)y in order for this effect to matter. To see this note that fjf^ 
transforms as the conjugate of x^- This implies {fjf'^)/mp ^ 10"^^ if x'^ is charged 
under the Standard Model. Thus these terms are relevant only in extended models, 
such as the Non- Minimal Supersymmetric Standard Model (NMSSM), or models with 
an inflatino, etc. Going to the gauge ipm.o'"^ = demonstrates that the above terms 
do not contribute to the gravitino mass. 

In the language of [221 , the auxiliary spinors A(a) and A (a) correspond to the next- 
to-highest components of the Chern-Simons superfield fi(a)- However, the authors of 
[22] set these components identically to zero (cf. their Eq. (3.29)); hence, the above 
contributions to soft fermion masses do not appear in their results. This is one of the 
ways in which our results generalize previous work. 

4 Conclusions 

In this note we have carried out the calculation of the component Lagrangian 
for supergravity coupled to gauged matter and a linear dilaton multiplet. We have 
reviewed the reasons why this alternative to the chiral dilaton formultion might be 
useful. We have commented on previous work that exists in the the literature and 
have explained the ways in which the results presented here generalize those that have 
appeared before. We have offered ways in which these results might be put to use. 

In particular we believe that further details of the duality between the linear 
dilaton and the chiral dilaton should be explored. Since some results in the literature 
are at odds it would appear that a more careful comparison at the component field 
level may uncover the errors which we suppose have led to these discrepancies. At the 
same time, holomorphy prevents corrections to the superpotential that involve the 
linear multiplet and these must arise as exact symmetries in the chiral formulation. It 
would be interesting to make the connection more precise. The component expansion 
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provided here makes that possible since the duahty transformations can be checked 
at the component field level. 

Kahler stabilization involves deviations of the dilaton Kahler potential from the 
leading order form. Such corrections are easily encoded with the modular invariant L, 
whereas they require the modified dilaton multiplet S' which mixes S and in the 
chiral formulation.^ This is no real impediment, but it does make the two frameworks 
difficult to relate; we can imagine that each naturally probes some different regions of 
parameter space for these nonperturbative corrections. A further study of the duality 
transformations is required to determine the extent to which a representative coverage 
is achieved in either scheme. 

We have also pointed out some of the peculiarities of the component Lagrangian. 
The fact that L cannot appear in the superpotential leads to special constraints that 
yield a more restrictive phenomenology if they are respected. Whereas they can 
be imposed in the chiral dilaton formulation, they "fall out" in the present work. 
This is a nice feature because in a certain sense it automates model-building. We 
have also pointed out how the effective theory of dynamical supersymmetry breaking 
is impacted by the fact that the gaugino condensate superfield is obtained from L 
through Bianchi identies; in particular we showed how this can impact the soft term 
phenomenology of the low energy theory. 

As can be seen, several details of the effective theory, and its relation to other 
formulations, remain to be explicitly sorted out. We do not expect any remarkable 
things to be found through further exploration of this duality, but we anticipate that 
complete agreement between the formulations will emerge. As this goal is achieved, 
the related phenomenological studies will become increasingly reliable and accurate. 
Furthermore, the situations that can be studied easily will be enlarged by the avail- 
ability of component Lagrangians that are more general and can thus accomodate a 
greater variety of assumptions at the superfield level. 
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Appendices 

A Notation and conventions 

The linear superfield L is defined to satisfy modified linearity conditions such 

that 

{V^-8R)L = -U-tiiWW), {V^ -8 R)L = -U -ti (WW), (A.l) 
[D^,V^]L = 4LG,^ + 25„^ + 2 tr( W,W^), (A.2) 

where we abbreviate sums over Gc (condensing parts of the gauge group) and non-Gc 
parts of the gauge group by 

ti (WW) = Yl (>VW)(,), U= Yl etc. (A.3) 

In what follows we adopt the conventions and notation of BGG for the definitions 
of component fields in terms of 6* = ^ = parts (denoted by |(o,o) ) of spinorial deriva- 
tives (X>Q,,X>°, etc.) of superfields, with the exception that we denote the dilatino 
according to: 

ifa =VaL\(^0,0) , = X>"L 1(0,0) . (A.4) 

In addition we define the component fields 

U(a) = t^(a) 1(0,0) , A(a)Q = -^'^Q^a) | (0,0) , = " ^^^^^a) | (0,0) , (A. 5) 

and corresponding conjugates. We also have in the notation of flA.3|) 

u= "(a)' A„= ^ A(„)^, Fu= Y ^u^a)- (A-6) 

(a)eGc (a)GGc {a)eGc 
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For the (auxiliary) matter condensate superfields 11" we have component fields 

7r° = n°|(o,o) , = ^P;3n°|(o,o) , = -ip'n-|(o,o) , (A.7) 

where a should not be confused with a spinor index. 

A semicolon denotes the usual Kahler covariant differentiation on the complex 
scalar manifold; e.g., 

W^,, = Wu - T^W^m, = G'^'^Gkm. (A.8) 

In addition to the usual gauge and space-time reparameterization covariance, Kahler 
covariance and U{1)k covariance is included in the covariant derivatives that appear 
in the component expansions. E.g., for the fermionic components of chiral superfields 
we have 

VmXi = dmXl - ^m£xl ' ^^mXl ' iat\T^a)Xaf + X^JP^^^ (A.9) 

and for the dilatino we have 

I^n^<^" = 9„<^" + <^^a;„/ - <^M^. (A. 10) 

Here, uj^^ the usual spin connection, is the Yang-Mills connection, is the 
U{1)k connection, and the Kahler connection F^^- is defined in ()A.8|) . The coefficient 
of the Am term in Vm depends on the U{1)k weight of the field on which it acts.^ 
The component field expansion for A^ = ^m|(o,o) is given by 

i 1 1 -- i 

Amlrn = -^bm + ^GkVm(l)''--G-kVm^'' + -Gk-kix'"(^mx'") 

-^k"{ipam^) + ^k'ibm - ^k'Bm 

i - 1 1 - 

--k'ti (Aa^A) + -k'{i)m(p) - -k'{tprn<^). (A.ll) 

o o o 

We have checked that our expression for Am|(o,o) is equivalent to (BGG-E.3.4) in the 

special case of k{L) = alnL; in this calculation (BGG-5.2.20) and (BGG-5.3.7) are 

especially useful; furthermore, a typo in (BGG-E.3.4) must be corrected — the "level" 

^See Section 4 of BGG for a fuller specification and explanation of covariant derivatives in the 
present formalism. 
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factor of k (not to be confused with the functional k{L)) should be absent on the *hm 
term that appears in (BGG-E.3.4). 

We evaluate the terms of Cq^ and its spinorial derivatives in Wess-Zumino (WZ) 
gauge: 

Vx\{0,0) =^1^aVx\{0fl) =^'I^aVx\{Ofl) =^'^aT^fiVx\{0,0) =^'^ f}Vx\{i)fi) =^0. (A. 12) 

To evaluate the component field expansions of the spinorial derivatives of Vx, we 
must be careful to use the conventions of BGG for the solution to the superspace 
Bianchi identities, and not those of, for example, Wess and Bagger Taking this 
into account, we find: 

T^aT^dyx\(ldfl) = —O-Xaai 
Vv Zi 

w z 

V^vWxkofi) = 8Bx + -b'^axm-^axn{^V^J-8tV^axm 
WZ o 

+AC\xa^i^n.) - 4(V^"a™Ax). (A.13) 

These expressions are sufficient to compute ^gs; when combined with other identities 
given here and in BGG. 

It proves convenient to introduce the following abbreviations: 

1 

A^0^ = e^'^P,$'|(o,o) =I^^0'-^fe'), (A.15) 

Ami = em'DaL\(^ofl') = dmi -^{lpm<^) -^ii'm'^), (A.16) 
^f{a)nm ^f{a)nm + (V'nO"mA(a)) + {i'n<^m^{a))- (^-17) 

Because of its length, we find it convenient to abbreviate T>^(yVW)(a)\{o,o) below. 
It is straightforward to obtain I'^ (WW) (a) |(o,o) from (BGG-4.5.25) if one makes the 
identification /(r)(s) = — 16 for the functional /(r){s) that appears there: 

I?2(WW)(,) 1(0,0) = 

2 /(a) f{a)mn + if^'^'^^'' f(a)mnf{a)pq + 8z ( Ad^T'^ A) („) 

-4Dj,) + 4M(AA)(,) - 4(A(a)a"^™)D(,) 



Amct>'' = eJP,<l>'=|(o,o) =I^™0'-^(^n^x'), (A.14) 
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-4i 
-2 



(A.18) 



It is also useful to abbreviate the following components of the superspace torsion: 



T' a. I 
cb 1(0,0) 



Tcba I (0,0) 



12 



12 



as can be found in (BGG-4.1.31) and (BGG-4.1.32). 



B Projection to component fields 



(A.19) 



(A.20) 



If 17 is a real superfield of U{1)k weight zero, then we may use (BGG-D.1.10) 
to integrate by parts in superspace and obtain 

E 



Cn = J d^e EQ = J d'e —fn + h.c, 
where rn = --(v"^ - 8R)Q. 



(B.l) 



Note that is the chiral projection of Vl. We use this technique to convert the 
integrals of ()2.24|) to the form ()B.1|) . Doing so we have: 



(B.2) 



' pot 



X 
GS 



■%(p'-8i?) [LVx] 



7E E {ww\a)hL\nr\T^' 



thr 



/ (a)^Gc 
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' thr 



VY 



' VY 



I (a)eGc 



\ E &'(.)f/(a)ln(e-^/2[/(„)/^=^), 

\ E E^(a)f^(a)inK)($)n'^) 

^ (a)eGc « 

_1(^2_8^) [-2 + /(L)], 



(B.3) 



GS 



(B.4) 



It is convenient to introduce two holomorphic functionals 11) and 

by the identifications 



From the expressions ()B.3|) we see that 



r. 



thr^T E (ww)(,)/i('^)($,n). (B.5) 



(B.6) 



It is worth noting that since our component expansions are written in terms of 
h^"-\h^'^\ our results are more general than ()B.6|) . and accomodate any assumptions 
of the form ()B.5|1 . 

For any of the fj defined above, we have from (BGG-4.4.22) that the corresponding 
component Lagrangian is given in terms of the 6 = 6 = limit of spinorial derivatives: 



In - I ^ 

-^^^ ri\{o,o) + - i^ma' 



- (m + 7/>^a™>„) fi|(o,o) 



+ h.c. 



(0,0) 



(B.7) 



Here, e is the determinant of the ordinary vierbein; i.e., the usual a/— det g factor. In 
each case fj has U{1)k weight 2. Let the symbol V denote covariant differentiation 
including U{1)k and D covariant differentiation not including U{1)k- Then 



(B.8) 



where the superform A is the U{1)k connection. 

^°The quantity Am used above is related via Am = {E^^^ Ab)\{o.o) j where B runs over b, 
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C Geometric relations 



Here we briefly discuss methods based on the U{1)k superspace geometry that 
are used in the more difficult expansions. The ffist set arises in the kinetic part of 
the Lagrangian £kin, defined in fl2.20|) . The second set occurs in the Green-Schwarz 
counterterm Lagrangian Cq^, associated with duality group invariance, defined in 

The difficulty that is encountered in evaluating £kin is the computation of the 
component field expansion of 

^^Q-R|(o,o), ^"-R|(o,o), ^^^-R|(o,o) + h.c. (C.l) 

Techniques for the evaluation of these in the presence of a linear multiplet were devel- 
oped in pS]. However in that case the L-dependent Kahler potential is k{L) = alnL 
and some simplifications occur; furthermore, our conventions for the component field 
definitions differ slightly; thus in the present context we must recalculate these expan- 
sions. We now detail the techniques and arrange the expressions that are evaluated 
in Appendices [E] and IFl 

For the evaluation of Pq,-R|(o,o) 5 appeal to the identity (BGG-3.4.42): 

V^R = -^^a - licT'^'eUT^, \ (C.2) 

where is the chiral field strength associated with the Kahler potential: 

X^ = -^-{V^ -m)V^K. (C.3) 

As originally described in [1^], the field strength X^ contains V^R because of the 
L-dependence in K (cf. Eq. ()2.18|) ) and the modified linearity conditions ()A.1|) . Thus 
we extract the VaR contained in X^ so that we can solve for it explicitly, following 
the methods of jTH] — reviewed in BGG Section 5.4. This involves the definitions:^^ 

Xa = Xoa + Za — Lk' (^L)T)aR, 

Xoa = -hv' -8R)VaG{<^,^), 
o 

Za = Lk'{L)VaR--{V^ -SR)Vak{L). (C.4) 
8 

^^Note that the quantity Ya appearing in (BGG-5.4.5) is related to the present notation by Ya = 



23 



Using ()C.4|) we rewrite ()C2|) as 

{k'L - 3)V^R = Xo„ + Z^ + 2(a^^e)„,T,, \ (C.5) 

where now, as it turns out, V^R will not appear on the right-hand side when we 
work out the component expansion. Eq. ()C.5|) is in agreement with (BGG-5.4.6). 
After considerable manipulation we find for VaR\(ofi) the expansion given in ()E.3|1 
and ()E.4|) . One obtains X>"_R|(o,o) by hermitian conjugation. 

For the evaluation of (V^R + h.c.)|(o,o) we appeal to (BGG-3.4.44): 

V'^R + h.c. = -IrJ" - liVX^ + h.c.) + ACGa + 32RR. (C.6) 

Similar to the situation described in the previous paragraph, we need to extract 
{T>^R + h.c.) from (P"Xq, + h.c.) due to the L-dependence in K. With definition 
flG.4|) it is not hard to show that 

{k'L-3){V^R + h.c.) = 

2Ri,J'^ - UCGa - 9QRR+ {VXoa + + h.c.) 

-{k' + k"L){V"LV^R + h.c), (C.7) 

in agreement with (BGG-5.4.8). Taking the 6 = 9 = part of this expression yields 

(fc'£-3)(D2i? + h.c.)|(o,o) = 

27^- V6„-^MM+(P"XoJ(o,o) +2^"^a|(o,o) +h.c.) 

~{k' + A:"£)(<^"I),i?|(o,o) + h.c), (C.8) 

where TZ is the space-time Ricci scalar. Note that in the special case k{i) = alni 
considered in ^Hl we have k' + k"C. = 0. This eliminates the last term and simplifies 
many of the expressions given below. 

The component field expansion of (I^^^oa I (o.o) + h.c.) is obtained from (BGG- 
4.2.13) provided we take $) $) in their expressions for derivatives of 

the Kahler potential. This leaves only (P"Za|(o,o) + h.c.) to be determined; we have 
evaluated this in ()E.7jl . 

For the evaluation of Z^Qg it was shown in ^HI how to proceed through the chiral 
field strength for the Green-Schwarz counterterm potential $): 

Xsa = -\{V^ -m'^c.S. (C.9) 



24 



The evaluation of Xsa is more complicated than that for Xqq = — |(P — 8R)VaG: 
whereas G^i-i = 0, the corresponding quantity S'^g.^ does not necessarily vanish. How- 
ever, the organization of the calculation around this field strength proves productive 
and leads directly to the results of Appendix |F1 



D Expansion of C 



r + r + r 



X 



'pot I — ^VY ' — ^thr ' — ^GS 

Here the expansions are straightforward. See Appendix El for superfield defini- 
tions of various parts of the Lagrangian given here. 

1 



-C 



pot 



W{k" + k"){^^) - M+ (V^„cr'">, 



W 



+ {Wk + WGk 
+Wk' 



^^_^tr(AA) + iM^ + ^(V^™a^y.) 



+ h.c. 



VY 



1 



V2 



-k'ui^a) 

-Gk 



^«-itr(AA) + iM£+^(V^™a„¥,) 



+ h.c. 



e 



E 

(a)eGc 



(D.l) 



(D.2) 



^4:J«(a)(xV)}+h.c. 



(D.3) 



25 



thr 



X 
GS 



(a)0Gc 

i 



-^(^"'^'^ f{a)mnf{a)pq - 2i ( Aa'^Pm A) (a) + D(^) - M(AA)(a) 

+ ((^„aPV™A(,)) + (V5™fT^«?fT™A(,)) 
/ 1 - 1 - _ 

X [lf{a)pq + 2(^P^'7^(«)) + ^ii^P^^qha)) 



— -e 



mnpq 



(a) 



V2 



5x 



axm {25" + tr (Aa'"A) + 2z [(^o-""^^„) + (V^.a'^'"<^) 



+1 



(^"^cT^Ax) + (Axa'>„)] + 2£Dx} 



(D.4) 



(D.5) 



Here we have evaluated Cq^ in Wess-Zumino (WZ) gauge (see Eq. ()A.12|) ). 



E Expansion of C 



kin 



The kinetic Lagrangian £kin, defined in (12 .2011 . is obtained from the component 
expansion of fkin, defined in flB.4|) . With some effort the following expressions are 
obtained: 



V. 



rki„|(o,o) = -^/"(w) + - (A('^^A(,)) + 

+^(2-/)M, 



Ai„|(o,o) = -i/'V(w) + ^/V(«-(A('^^A(,)) + ^M£) 



4^2' 



(E.l) 



4' 



6' 



+ ^/"Aa ''(A{a)V^) + -^Oa|(0,0) + ^a|(0,0) 
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+2(cr^'')JT,,,|(o,o). (E.2) 
We have left abbreviated Tcf,^|(o,o) , which is given above in ()A.19|) . as well as: 



+ 1 (k"^o. + ik\a^^^)^ 



u 



^>\,)) + -Mi 



D 4 4 

+ \k'{a'^\^^\{'4jrn\a)), 

-^Oa|(0,0) = 

These quantities also appear in the final piece that contributes to £kin: 

(P^fkin + h.C.) 1(0,0) 



I 

4' 

1 -^k. 



(<^^)(^M-(A('^)A(„)) + -M£)+h.c. 



- -(A("V™<^)(A(,)V5„) 



--^{^^a"^^) (^u- (A(")A(„)) + -M£) +h.< 
+-^r[(^A) + h.c.]-rA™M^£ 

+/" (5- - h.hA^ (b^ - 'hh^ - + Fjj) 

_1 /"(AWaW)(A(,)A(,)) + r (^S^ - tr (Aa™A) 

- (A("U(,)) + ^Mf) - (A('^)A(,)) + 



(E.3) 
(E.4) 
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+27^ - h^bm - ^MM 



+ 



+ 



'k' + 



2?"^oa|(o,o) +2?"^a|(o,o) + h.c] + -/'[P^ tr ( WW) | (o,o) +h.c.]. (E.5) 

Here we have abbreviated I>"Xoq|(o,o) and T>"Za\(o,o) ■ The quantity X>"-'^oa | (o,o) is 
obtained from (BGG-4.2.13) with the replacement K{(l),(j)) — > G{(l),(j)). Thus, 



T^'^^Oa I (0,0) — G 



kk 



+i2v^(x''A(»))(0T(,))^ - i2A/2(x^A('^))(T(„)0)'= 



V2 



V2 



+i= ((V„,^"a-x') - 2(V"x')) K^' 

-\RkUi{xV){tx') + 2G,D(«)(r(„)0)' 



After no small effort we obtain: 

(P"Z„ + h.c.)|(o,o) 
= ~k""{ipip){(p^) - ^k' {Fu + h.c.) + A;"A-M^£ 

+2A;'P'"A^£ + ^A;" [(A(^) + h.c] + ^A;"D(») [i((^A(„)) + h.c. 
2v 2 2 L 

+^fc7^"i [(V^^"™A(„)) + h.c] - + fc'")(v^A('^))(^A(„)) 



2 

-i^"(A(»)A(^))(A(„)A(,)) 



((^<j-(^) 



+ 



-{k' + 2^"£)6^ - k"BA (A('^)a-A(„)) 



+ ( -£6"^ - B'^ 



^k'hm + k"{^-lh^-B^ 



~k"(u - (A(«)A(„)) + ^M£) - (A(»)A(„)) + 



(E.6) 



28 



o 4 



+ h.c. 



+ h" [M{ipip) + h.c] + h" [liV^ipa"^^) + h.c] 

4- 



!(Vv<J"<j"sS) ( + B„ - -ib„ ] + h.c. 



4 



_(A('^)a"^^)(A(,)V^„)+h.c. 
-Ik'bn [2(V',naV'"</.) + h.c] + h' \{M{^^a^^) + h.c. 

D D L 



^k' + 3k". 



2 
3 



+ 
+ 



'k'{4-k'£ + k"f) 



k'i-3 



V^°-^Oq:|(0,0) +V^"^a|(0,0) +h.c. 

{ipa'^'rT.talm +h.c. 



+ iA;' fe^tr (WW) I (0,0) + h.c 



(E.7) 



Together with the notations defined in Appendix Eqs. ()E.l|) - fjE.7p provide the full 
component expansion of £kin- 



F Expansion of C 





GS 



A tedious calculation, using the methods described in Appendix O yields: 

1 



^Gsl(o,o) = ls[u-tTiXX)] + ^S-, 



^a^Gsl(o,o) = -;S 



4 



A,-ai'^)D(,) + (a"™A("))J(, 



)nm 



V2 

^X^(«-tr(AA)) + ^£A(f)(T(,)# 



(F.l) 
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2V2 



k-1 



-SFu + Sk 



V (t.-(A(«)A(„))) + ^(x'=A) 



+A/2z£(A('')r(„)x)' + ^(xV""^A('^))/(„)„„ 

(^f' + ^(^n.a™x')) (u - (A(»)A(„)) + 

+ - -^{X^^^a-x')Mrn) + ^DW(A(„)X^) 



1 ,^ 



'V2 



(A(")a"'"x')/(a)nm + iA^0^(A(«V'"A(„)) 



3a/2 



+2V2i£(xr(„)A(«))^ + 2V2i£rL(0r(„))'^(A(«)x') 



-IMF 
3 



kk 



2^/2 
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1 



-^(x¥)(</'x') 



-^{xY)m')+^F\x\') 



-\tS,i,,j{xV){xh') + ^515' tr (WW) I (0,0) 



(F.3) 
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